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Integration between magnetism and topology is an exotic phenomenon in condensed-matter physics. Here,
we propose an exotic phase named topological crystalline antiferromagnetic state, in which antiferromagnetism
intrinsically integrates with nontrivial topology, and we suggest such a state can be realized in tetragonal FeS.
A combination of first-principles calculations and symmetry analyses shows that the topological crystalline
antiferromagnetic state arises from band reconstruction induced by pair checker-board antiferromagnetic order
together with band-gap opening induced by intrinsic spin-orbit coupling in tetragonal FeS. The topological crys-
talline antiferromagnetic state is protected by the product of fractional translation symmetry, mirror symmetry,
and time-reversal symmetry, and present some unique features. In contrast to strong topological insulators, the
topological robustness is surface-dependent. These findings indicate that non-trivial topological states could
emerge in pure antiferromagnetic materials, which sheds new light on potential applications of topological
properties in fast-developing antiferromagnetic spintronics.
I. INTRODUCTION
Since topological insulators were discovered theoretically
and experimentally [1–3], symmetry-protected topological
phases have become a general principle to explore ex-
otic quantum states of matter among complex and rich
compounds[4–6]. Various combinations of time-reversal sym-
metry, crystal space group symmetry and particle-hole sym-
metry may result in a large number of exotic topological quan-
tum states of matter. Among these, one example is the topo-
logical crystalline insulator, in which the nontrivial topologi-
cal properties are protected by point group symmetry such as
rotation, reflection, mirror symmetry, etc[7, 8], and the surface
boundary that preserves the underlying point group symme-
try hosts the gapless surface states. To fabricate a device with
topological crystalline insulators, manipulation of the spin de-
grees of freedom of surface electrons is essential. One possi-
ble method is to include magnetism. For example, by dop-
ing magnetic atoms to induce ferromagnetism, the quantum
anomalous Hall effect can be realized in a magnetic topologi-
cal insulator[9, 10]. However, dopingmagnetic atoms in topo-
logical state is very tough and usually requires exquisite ex-
perimental designs. If the topological states of matter possess
intrinsic magnetism, there would be more room to manipulate
quantum spin of surface electrons.
In this work, we extend the concept of topological crys-
talline insulators from nonmagneticmaterials to antiferromag-
netic materials. We demonstrate that tetragonal FeS could be
in a topological crystalline antiferromagnetic state in the spirit
of symmetry-protected topological phases. The nontrivial
topological crystalline antiferromagnetic state is protected by
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a combination of fractional translation, mirror reflection, and
time-reversal symmetry. The fractional translation symmetry
is induced by the pair checker-board antiferromagnetic order
instead of specific lattice structure[11, 12]. As a consequence,
it is found that the topological crystalline antiferromagnetic
state has robust gapless surface states on the crystal (010) sur-
faces, while on other surfaces, such as (100) and (001) sur-
faces, there are no robust gapless surface states due to the
glide-plane mirror symmetry breaking. The existence of these
surface states is dictated by a mirror Chern number[8, 13].
Therefore, tetragonal FeS is an ideal candidate with integra-
tion of antiferromagnetism and topology, and provides a play-
ground to study the intrinsic magnetic effect on the surface
states of topological crystalline insulators. Furthermore, in
comparison with nonmagnetic and ferromagnetic materials,
the antiferromagnetic topological materials have many advan-
tages, and attract more attentions[14–16]. Also, the tetragonal
FeS, by itself, is a kind of unconventional superconductor at
low temperatures[17]. Thus the material provides an intrinsic
platform to study the interplay between topology, magnetism
and superconductivity.
II. THE ANTIFERROMAGNETIC ORDER
Tetragonal FeS has a simple anti-PbO structure as shown
in Fig. 1 (a). It has attracted great attention since the
firstly reported superconductivity with transition temperature
4.5K[17]. One of the important aspects of tetragonal FeS is
to identify the possible magnetic-ordered state in the vicin-
ity of superconductivity. To date, some magnetic states have
been proposed for tetragonal FeS experimentally, such as
nonmagnetic metallic state, a commensurate antiferromag-
netic order with wave vector km = (0.25, 0.25, 0), low-
moment (10−2−10−3µB) ferromagnetic state coexisting with
superconductivity, and high-moment (about 1µB) ferromag-
netic state coexisting with superconductivity[18–21]. These
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FIG. 1: (a)The 3D view of crystal structure of tetragonal FeS. Differ-
ent filling balls denote different sublattices. (b) The top-down view
of tetragonal FeS with the patterns of the paramagnetic order. The
black-dotted and red-dashed lines label the one-Fe and two-Fe unit
cells. (c) Bulk Brillouin zones (BZ) of (a). Here, we take the one-
Fe-unit-cell constant as length scale. (xˆ, yˆ, zˆ), (aˆ, bˆ, cˆ), (kˆx, kˆy , kˆz),
and (kˆa, kˆb, kˆc) denote the unit direction vectors in lattice and mo-
mentum space, respectively.
sample-dependent inconsistencies may need further efforts to
be devoted into the high-quality single crystal synthesis and
relevant thin film growth.
In comparison with its widely studied isostructures like
FeSe and FeTe, first-principles calculations provide an effec-
tive method to identify the magnetic ground state of tetragonal
FeS by means of determination of the lowest energy among
all possible magnetic-ordered states. Possible magnetic-
ordered states of tetragonal FeS include the paramagnetic or-
der, collinear (single stripe), checker-board (Ne´el) and pair
checker-board (stagger dimer) antiferromagnetic orders.
The density functional theory (DFT) and hybrid functional
calculations in the present work were performed by using Vi-
enna ab-initio Software Package (VASP) [22]. The atom core
electrons were described by the projector augmented wave
(PAW) method [23, 24]. Perdew-Burke-Ernzerhof (PBE)
functional [25] was used to treat the electronic exchange cor-
relation. The energy cutoff for the plane-wave basis was set
to be 400 eV. The first Brillouin zone was sampled in the
k-space with Monkhorst-Pack scheme and the grid sizes are
19×19×13, 19×19×13, 13×13×13, and 13×7×13 for PM,
C-AFM, COL-AFM, and PCB-AFM phases, respectively. We
have checked that the total energy is converged for the cutoff
energy and the k-point sampling. The atomic structure was
relaxed until the force on each atom is smaller than 0.01eV/A˚.
Considering that there exists weak interlayer coupling in this
composite system, we have added the van der Waals correc-
tion to the DFT calculations [26]. In order to take into account
the correlation from amoderate HubbardU interaction, gener-
alized gradient approximation (GGA)+U calculation method
is used.
The magnetization patterns of the collinear antiferromag-
netic (COL-AFM) and pair checker-board antiferromagnetic
(PCB-AFM) states are shown in Fig. 2(a), (b). At ambi-
ent pressure, the lattice constant of the iron plane and the S
heights to the iron plane as functions of the Hubbard U are
shown in Fig.2(c). To determine the suitable Hubbard U in
tetragonal FeS, we use a simple method. We start with the free
lattice constants. When Hubbard U is turned on and increases
from zero, the lattice sites relax freely and achieve the equilib-
rium positions finally. We use the obtained lattice constants to
compare with the experimentally measured values. The suit-
able Hubbard U is read out when the two sets of lattice con-
stants match with each other. It can be seen that the Hubbard
U with 1eV is reasonable to match the experimental lattice pa-
rameters. Under such a Hubbard U interaction correction, the
COL-AFM and PCB-AFM states compete with each other as
shown in Fig.2(d). The first-principles calculations show that
the COL-AFM state has a lower energy of 14meV/Fe than the
PCB-AFM state under the Hubbard U interaction correction
of 1eV at ambient pressure. Likewise, under ambient condi-
tions, the recent neutron scattering experiment observed the
peaks of spin excitation at wave vector (pi, 0), which was the
same wave vector of COL-AFM order[27]. The predictions
from the first-principles calculations follow the experimen-
tal observations under ambient conditions. However, first-
principles calculations predict that the PCB-AFM state be-
comes the lowest energy state with increasing pressure over
the threshold value. For instance, the energy in the PCB-AFM
state is about 9mev/Fe lower than the energy in the COL-AFM
state at pressure of 4GPa. Note that the switching between
different orders tuned by pressure also occurs in bulk FeSe,
in which the pressure over 2GPa can change the state of FeSe
from the nematic order to long-range stable antiferromagentic
order[28, 29]. If the spin excitation of the PCB-AFM order
was identified by neutron scattering measurement in tetrago-
nal FeS under high pressure conditions, it would be benefit
not only to understand the superconductivity but to study the
topological states in tetragonal FeS. Interestingly, the PCB-
AFM state is predicted to be the ground state in many other
iron chalcogenides such as FeSe, monolayer FeSe and pres-
sured FeSe[30–32].
The low-energy states with various magnetic orders in iron-
based materials can be captured by a minimal HeisenbergJ1−
J2 − J3 −K spin model [33],
H =
∑
nn
[J1Sˆi·Sˆj−K(Sˆi·Sˆj)2]+
∑
2nn
J2Sˆi·Sˆj+
∑
3nn
J3Sˆi·Sˆj .
(1)
Here, nn, 2nn and 3nn denote the nearest, second nearest,
and third nearest neighbor, respectively. The mean-field phase
diagram for the Hamiltonian in Eq. (1) was presented in Fig.
2 in reference[32]. For tetragonal FeS, the first-principles cal-
culations give the model parameters shown in Table I. It is
straightforward to check that the data in the first group give
the magnetic ground state with the COL-AFM order while
the data in the second group give the magnetic ground state
with the PCB-AFM order, according to the phase diagram in
Fig. 2c in reference[32]. Thus, we propose that the state with
the PCB-AFM order is the magnetic ground state in tetrago-
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FIG. 2: (a) and (b) The top-down view of tetragonal FeS with the
patterns of the COL-AFM order in (a) and the PCB-AFM order in
(b). The red spots and red arrows denote the magnetization outward
and inward the iron plane. In (b) the solid-blue lines label the unit
cell of the PCB-AFM phase. (c) Middle: bulk Brillouin zone of the
PCB-AFM state; Left: (010)-surface Brillouin zone; Right: (100)-
surface Brillouin zone. Here, we also take the one-Fe-unit-cell con-
stant in the paramagnetic state as length scale. (xˆ, yˆ, zˆ), (aˆ, bˆ, cˆ),
(kˆx, kˆy, kˆz), and (kˆa, kˆb, kˆc) denote the unit direction vectors in
lattice and momentum space, respectively. (d) The in-plane lattice
constants and the S atom heights to iron plane as functions of Hub-
bard U modulation in different magnetic phases at ambient pressure.
Here, PM, C-AFM label paramagnetic and checker-board antiferro-
magnetic states, respectively. (e) The total energies per Fe2S2 as
functions of Hubbard U modulation in different magnetic phases at
ambient pressure. In both (d) and (e), the results are from GGA+U
method.
TABLE I: The calculated parameters of tetragonal FeS for J1-J2-J3-
K model.
J1 J2 J3 K Pressure
127.5 84.6 -0.4 38.9 at ambient pressure
126.1 71.6 14.0 -8.2 at 4GPa
nal FeS at 4GPa. As we mentioned in the introduction, the
PCB-AFM order can induce an uniqe topological crystalline
antiferromagnetic state. In the remaining part of the paper,
we focus on the discussons how the PCB-AFM order drives
the topological crystalline antiferromagnetic state and about
the properties of the topological state. The properties of other
antiferromagnetci states are discussed in Supplemental Mate-
rials (SMs).
III. BAND RECONSTRUCTION FROM PM STATE TO
PCB-AFM STATE
Stable magnetic order in materials usually breaks some spa-
tial symmetries such that the underlying electronic structures
are strongly reconstructed with new features. It is widely
known that the reconstructed band structures host Dirac cone
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FIG. 3: (a) The band structures for the PCB-AFM state with the
[100]-direction magnetization in the presence of spin-orbit coupling.
(b) The band structures for the PCB-AFM state with the [001]-
direction magnetization in the presence of spin-orbital coupling. (c)
3D Fermi surface corresponds to (a) when the Fermi level is slightly
shifted from zero. (d) The partial density of states for d orbitals of
Fe and p orbitals of S in the PCB-AFM state with the [001]-direction
magnetization in the absence of spin-orbit coupling.
structures in BaFe2As2 with the collinear AFM order[34].
The reconstructed bulk band structures for tetragonal FeS with
the PCB-AFM order in the presence of spin-orbit coupling are
shown in Figs. 3(a) and 3(b), which correspond to magnetiza-
tion along the [100] and [001] directions, respectively. The re-
markable feature in Fig. 3(a) is the emergence of Dirac points
in the kz = 0 and pi/c planes. Slightly finite electron or hole
doping can shift the Fermi level away from the Dirac points,
and the Fermi surfaces form two thin tubes in three dimen-
sional momentum space as shown in Fig. 3(c). It means the
PCB-AFM state with the [100]-direction magnetization be-
longs to node-line semimetal in the undoped case even in the
presence of spin-orbit coupling. Further calculations show
that other PCB-AFM states with in-xy-plane magnetization,
such as [010] and [110] directions, have similar results with
the state with [100]-direction magnetization. However, no
Dirac points survive and a fully-gapped state is obtained in
the PCB-AFM state with the [001]-direction magnetization in
the presence of spin-orbit coupling.
To understand the band reconstruction of tetragonal FeS
with the PCB-AFM order, we introduce a tight-bindingmodel
associated with mean-field approximation involving five d or-
bitals of Fe by ignoring p orbitals due to their negligible
weight around the fermi level shown in Fig. 3(d),
H(l) = H0 +H
(l)
pcb +Hso, (2)
where
H0 =
∑
k∈BZpm
∑
α,β,σ
Ψ†α,σ(k)Hαβ(k)Ψβ,σ(k), (3)
4H
(l)
pcb =
∑
kn∈BZpcb
3∑
n=0,α
Ψ†α(kn)∆e
−iθ(α)slΨα(kn+1)+H.c.],
(4)
and
Hso =
∑
k∈BZpm
∑
α
[Ψ†α(k)λso,zL
zszΨα(k)
+ Ψ†α(k)λso,‖(L
xsx + L
ysy)Ψα¯(k)]. (5)
Here, H0 is the tight-binding Hamiltonian describing the
electronic structure in the absence of magnetic orders.
k =(kx, ky, kz) is defined in a one-Fe unit cell with
(kx, ky) ∈ [0, 2pi], kz ∈ [0, 2pi/c]. We have trans-
formed H0 from the two-Fe-unit-cell representation to the
one-Fe-unit-cell representation according to the parity of the
glide-plane symmetric operator 12 tˆ(
√
2aˆ,
√
2bˆ, 0)Mˆz [35, 36],
with tˆ and Mˆz the translation operation and mirror reflec-
tion about xy-plane, respectively. α and β take o or e
to label the parity of the glide-plane symmetry, and σ la-
bels the spin degrees of freedom. ΨTo,σ(k)=[dxy,σ(k +Q),
dx2−y2,σ(k+Q), dxz,σ(k), dyz,σ(k), dz2,σ(k +Q)] and
Ψe,σ(k)=Ψo,σ(k+Q)withQ = (pi, pi, 0) denoting the fold-
ing wave vector from the one-Fe BZ to the two-Fe BZ as
shown in Fig. 1(c). The exact expressions forHαβ(k) are pre-
sented in SMs. H
(l)
pcb describes the PCB-AFM order under the
mean-field approximation. In the PCB-AFM state, one mag-
netic unit cell includes eight Fe atoms as shown in Fig. 2(b),
and the corresponding folded wave vector isQ1=(pi, pi/2, 0).
kn=k+nQ1. l=0, x, y, z label the 2 × 2 unit matrix and
Pauli matrices, respectively. ∆e−iθ(α) labels the PCB-AFM
order parameter with∆=diag[mxy,mx2−y2 ,mxz,myz,mz2 ]
and θ(α) = [n/2 − (−1)α]pi. Hso is the spin-orbit coupling
term. α¯ denotes the inverse parity of α.
Fig.4(a), (b1)-(b3), (c) demonstrate the band reconstruction
from the paramagnetic state to the PCB-AFM state. Start-
ing from the band structure in Fig.4(a), the wave vector Q1
connects electron-type band near the M (A) point with hole-
type band near the Γ (Z) point, and folds one to another in
the folded BZ of the PCB-AFM state as shown in Fig.4(b1).
Define the orbital energy modulations∆εl,
∆εj = e
(PCB)
j − e(PM)j , (6)
where e
(PCB)
j and e
(PM)
j denote the energy of orbital indexed
by j in PCB-AFM and PM states, respectively. ∆ε is induced
by nematicity of the PCB-AFM state, i.e., the C4 rotation
symmetry connecting the [100] and [010] directions is bro-
ken in the PCB-AFM state. The specific values of all ε
(PCB)
j
and ε
(PM)
j are listed in SMs. When ∆εj is considered, only
three bands are revealed to play a key role around the Fermi
level as in Fig.4(b2). After all the PCB-AFM order parame-
tersmj exceptmxy are turned on, the three bands are strongly
modulated and a small band gap is opened between an elec-
tron band and a hole band along the Γ − M direction, but
FIG. 4: (a) Band structures in the paramagnetic state in the presence
of spin-orbit coupling. (b1)-(b3), (c)-(d) Bands evolution from the
paramagnetic state to the PCB-AFM state along the M − Γ − X
lines from the mean-field Hamiltonian in Eq. (2) for the PCB-
AFM state with the [001]-direction magnetization in the presence
of spin-orbit coupling. (b1) Bands of the paramagnetic state in the
folded BZ of the PCB-AFM state. (b2) Turn on all ∆ε and turn
off all m. (b3) Turn on all ∆ε and turn off only mxy. (c) Turn
on all ∆ε and all mxy to obtain bands in the PCB-AFM state.
We set λso,‖=0.03 eV, λso,z=0.00 eV in (c) and λso,‖=0.00 eV,
λso,z=0.03 eV in (d). The modulations of the orbital energy (in unit
of eV) about the paramagnetic state and the PCB-AFM order param-
eters (in unit of µB) take the magnitudes as follows,∆εxy=−0.375,
∆εx2−y2=−0.075, ∆εxz=−0.425, ∆εyz=−0.125, ∆εz2=0.025;
mxy=1.04, mx2−y2=0.33, mxz=0.25, myz=0.64, mz2=0.30.
The sum of five m is about 2.5 µB as the result obtained from the
first-principles calculations.
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FIG. 5: (a1)-(a5) The orbital-resolved spectral function Ae(k2, ω)
for five d orbitals from the mean-field Hamiltonian in Eq. (2) in the
PCB-AFM state with the [001]-direction magnetization. (b1)-(b3)
Under the two effective bands picture, the schematic diagrams show
the topological phase transition induced by the PCB-AFM order and
spin-orbit coupling in tetragonal FeS.
5no band gap opens along the Γ − X direction in Fig.4(b3).
When mxy increases from zero, the three bands move along
the directions marked by the arrows in Fig.4(b3). Finally, the
nodel-line semimetal phase emerges as shown in Fig.4(c).
Note that the band structure for the PCB-AFM state with
the [001]-direction magnetization in Fig. 4(c) has nonzero
spin-orbit coupling (Lxsx + L
ysy) and the band structure in
Fig. 4(d) has nonzero spin-orbit coupling Lzsz with L
α and
sα (α = x, y, z) labelling the relevant matrices under orbital
and spin basis, respectively (See SMs for details). It clearly
indicates that the fully-gapped phase is induced by the term of
Lzsz . Indeed, this is the main reason for the magnetization-
direction-dependent fully-gapped phase. The space group is
non-symmorphic P4/nmm in the paramagnetic state for the
crystal structure of tetragonal FeS shown in Fig. 1(a). The
five d orbitals can be divided into two orthogonal subgroups
{dxz, dyz} and {dxy, dx2−y2 , dz2} according to the eigenval-
ues of the non-symmorphic operator 12 tˆ(
√
2aˆ,
√
2bˆ, 0)Mˆz. For
the three t2g orbitals {dxz, dyz, dxy}, only the term of Lzsz
induces coupling between two orbitals in the same subgroup
{dxz, dyz}. Such a coupling breaks the Dirac points and re-
sults in a fully-gapped state in the PCB-AFM state with the
[001]-direction magnetization (non-zero 〈sz〉). The model
Hamiltonian in Eq. 2 gives an explicit description about the
band reconstruction of tetragonal FeS with the PCB-AFM or-
der.
According to the aforementioned analyses, the magnetic
structures can be well described by the effective two-band
model. Thus, we can construct a simple model to summarize
the band reconstruction induced by the PCB-AFM order and
the spin-orbit coupling. To this end, we first plot the orbital-
resolved spectral function Ae(k2, ω) of the PCB-AFM state
with the [001]-direction magnetization in the absence of the
spin-orbit coupling in Fig. 5(a1)-(a5). It clearly shows that
the four d orbitals of iron can be divided into two groups to
form two sets of the effective bands shown in Fig. 5(b1). Note
that the band inversion condition is natural due to the folding
induced by the PCB-AFM wave vector Q1 through compar-
ing Fig. 5(b1) with Fig. 4(a), (b1). After the PCB-AFM order
is turned on, the two bands couple with each other and open
a gap along the Γ − M direction but not along the Γ − X
direction as shown in Fig. 5(b2). Finally, the Dirac node is
fully gapped along the Γ−X direction, because the spin-orbit
coupling only concurs with the magnetization along the [001]
direction as shown in Fig. 5(b3).
IV. TOPOLOGICAL ROBUST SURFACE STATES AND
TOPOLOGICAL INVARIANTS
To assess the topological characteristics of the gapped band
structure of tetragonal FeS shown in Fig. 3(b), the spectra
of surface states is directly computed. The PCB-AFM order
shown in Fig. 2(b) corresponds to a wave vector (pi, pi/2, 0),
thus the surface commensurate with the PCB-AFM order in-
cludes (100) and (010) surfaces. Using the first-principles cal-
culations, we explicitly demonstrate the presence of the sur-
face states in a slab geometry in Figs. 6(a) and 6(b) for (010)
and (100) S-terminated surface cuts, respectively. The results
for the Fe-terminated surface cuts are similar. We extract the
localized surface bands and plot the topologically equivalent
schematic diagrams in Figs. 6(c) and 6(d) to show the key
features of the surface states. One can find that the local-
ized (010) surface bands cross the band gap, which implies the
non-trivial properties as shown in Fig. 6(c), and (e), while the
two middle localized surface bands of the (100) surface open
a gap and do not cross the band gap as shown in Fig. 6(d),
and (f). The surface spectra definitely demonstrate the tetrag-
onal FeS with the PCB-AFM order hosts a surface-dependent
nontrivial topological phase.
In the spirit of the principles of symmetry-protected
topological phases, the topological robustness of the sur-
face states is protected by symmetries. To elucidate the
characteristics of the surface states, we first need to analyze
the symmetries owned by (010) and (100) surfaces. Given
the PCB-AFM pattern shown in Fig. 2(b) with the [001]-
direction magnetization and taking the mid-point of Fe-Fe
bond as origin, the (010) surface has the glide-plane mirror
symmetry 12 tˆ(2xˆ, 0, 0)Mˆz, and the glide-plane time-reversal
symmetry 12 tˆ(2xˆ, 0, 0)Tˆ with Tˆ the time-reversal operator;
the (100) surface has only glide-plane time-reversal sym-
metry 12 tˆ(0, 4yˆ, 0)Tˆ . Note that the fractional translation
must be combined with the point group operators and time-
reversal operator to guarantee system invariant under the
combined operations in the presence of antiferromagnetic
order [37, 38]. The surface states can be classified according
to the eigen-values of the relevant symmetry. The represen-
tations of symmetry operators upon the surface states can
be constructed as follows: 12 tˆ(2xˆ, 0, 0)Mˆz=−ie−ikxsz ,
Mˆx=−isx, 12 tˆ(2xˆ, 0, 0)Tˆ=−ie−ikxsyK, and
1
2 tˆ(0, 4yˆ, 0)Tˆ=−ie−i2kysyK with K the complex con-
jugate operator.
For details, we first discuss the (010) surface. (1)
Along the M˜−A˜ line, the surface bands are a dou-
blet protected by a product operator 12 tˆ(2xˆ, 0, 0)Tˆ Mˆz,
which results in the pseudo-Kramers degeneracy
shown in Fig. 6(e) through the anti-unitary property
[ 12 tˆ(2xˆ, 0, 0)Tˆ Mˆz]
2=e−i2kx |kx=pi/2=−I . (2) Along both
Γ˜−M˜ (kz=0) and Z˜−A˜ (kz=pi/c) lines, [ 12 tˆ(2xˆ, 0, 0)Mˆz]2=
−e−i2kxI means two branches for mirror eigenvalues
±ie−ikx . The time-reversal symmetry enforces the
1
2 tˆ(2xˆ, 0, 0)Mˆz eigenvalues to be paired as {+i,−i} at
kx=0 and {1,−1} at kx=pi/2. However, the degenerate
points at Γ˜ or Z˜ labeled by {+i,−i} merge into the bulk
bands and no edge states survive along the Γ˜−Z˜ line as
shown in Fig. 6(e). Fortunately, the degeneracy at the M˜
and A˜ points labeled by mirror eigenvalues {1,−1} indicates
the non-trivial topological properties of the (010) surface
states as shown in Fig. 6(e). Note that the degeneracy
between the M˜ and A˜ can be slightly gapped by artificially
adding the symmetry-allowed high-order terms without
breaking the degeneracy at the M˜ and A˜ points. As such,
the node line connecting the M˜ and A˜ is reduced into two
Dirac nodes at the M˜ and A˜ points, and the topological
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FIG. 6: (a) The band structures for the PCB-AFM state with the
[001]-direction magnetization in the presence of spin-orbit coupling
with surface cuts about the [010] directions. The thickness of the slab
is 20 iron layers. (b) The band structures for the PCB-AFM state with
the [001]-direction magnetization in the presence of spin-orbit cou-
pling with surface cuts about the [100] directions. The thickness of
the slab is 16 iron layers. In (a) and (b), the middle heavy-black col-
ored bands are localized surface bands. (c) and (d) are schematic dia-
grams of the localized surface bands which are topologically equiva-
lent to the localized surface bands in (a) and (b), respectively. (e) and
(f) are the surface bands along the high-symmetry lines in surface BZ
shown in Fig. 2c, and the localized surface bands are labelled with
red color. (e) and (f) corresponds to (a) and (b) respectively. The
thickness of the slab is 60 iron layers in (e) and 40 iron layers in (f).
nature of the (010) surface is characterized by a mirror
Chern number nM=(n1−n−1)/2=2 [8, 13]. However, the
symmetry-allowed high-order terms are negligibly small
from the first-principles calculations, because such terms
result from the interlayer couplings along the [001] direc-
tion and are beyond the nearest-neighbor coupling. The
constraints from (1) and (2) determine the characteristics
of the (010) surface states. For the (100) surface, along
the M¯−A¯ line, the product operator has the property of
[ 12 tˆ(0, 4yˆ, 0)Tˆ ]
2=−e−i4ky |ky=pi/4I=I . Thus, the in-gap
surface states are not degenerate as shown in Fig. 6(f).
Along the Γ¯−Z¯ line, the surface bands merge into the bulk
bands as shown in Figs. 6(b) and 6(f). The remarkable
difference between the (010) and (100) surfaces roots in the
strong nematicity accompanying the PCB-AFM order, which
respects the glide-plane mirror symmetry 12 tˆ(2xˆ, 0, 0)Mˆz of
the (010) surface, but breaks the glide-plane mirror symmetry
1
2 tˆ(0, 4yˆ, 0)Mˆz of the (100) surface. Further combination
between the glide-plane mirror symmetry 12 tˆ(2xˆ, 0, 0)Mˆz
and time-reversal symmetry gives the product symmetry
1
2 tˆ(2xˆ, 0, 0)Tˆ Mˆz which protects the topological crystalline
antiferromagnetic state here.
V. DISCUSSIONS
The non-trivial surface states hosted by tetragonal FeS are
determined by the orientation of magnetization of PCB-AFM
order. For a tetragonal crystal, the spontaneous easy axis or
easy plane of the magnetization is determined by the intrinsic
uniaxial anisotropy and tetragonal anisotropy from the crys-
tallographic structure. Our first-principles calculations show
that the energy difference between the case with the [001]-
direction magnetization and the case with in-xy-plane mag-
netization is about 0.25 meV/Fe, which is very small. Recent
spin-resolved STM measurement has shown that the magne-
tization tends to be out-of-xy-plane direction near the surface
of bulk Fe1+yTe [39]. This indicates that some secondary
external effects, such as pressure, mechanical stress, and al-
loying, can play an important role in tuning the easy-axis of
magnetization. Indeed, mechanical stress is widely applied in
the study of antiferromagnetic states in iron-based supercon-
ductors [40, 41]. The strain effect is the “inverse” of magne-
tostriction, and the energy density associated with the strain
can be written as E=−32λσ cos2 θ, where σ is the stress, λ is
the magnetostriction constant, and the angle θ measures the
direction of the magnetization relative to the direction of the
uniform stress. For a positive λ, the easy-axis is the [001]-
direction when the stress is along the [001]-direction. Thus,
modulation of the direction of magnetization supplies a new
method to control the charge and quantum transport of the
surface electrons.
One of the remarkable features of tetragonal FeS is the
presence of superconductivity at low temperatures. A con-
substantial structure, in which one side is an superconduct-
ing sample and the other side is an topological crystalline an-
tiferromagnetic state sample, can be fabricated to study the
superconducting proximity effect, leading to topological su-
perconductivity. In comparison with a heterostructure fabri-
cated by conventional superconductors and topological insu-
lators or semiconductors[42, 43], such a consubstantial struc-
ture has many advantages to eliminate the complexity and un-
predictability induced by the mismatched interface couplings
from different materials, and may provide a platform to ex-
plore new physics resulting from the interplay of topology,
magnetism and superconductivity.
In conclusion, an topological crystalline antiferromagnetic
state is proposed to be present accompanying with the PCB-
AFM state of tetragonal FeS, which is protected by the triple
fractional translation, mirror reflection, and time-reversal
symmetry. The finding sheds light on exploring new topo-
logical phases protected by non-symmorphic symmetry in an-
tiferromagnetic materials.
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